Abstract -An inventory replenishment problem for a deteriorating item is considered over a finite time-horizon with shortages in all cycles and stock-dependent demand rate. The effects of inflation and time-value of money are also taken into account. The advantage of allowing shortages in all cycles is illustrated with an example. A sensitivity analysis of the optimal solution with respect to the parameters of the system is carried out. The results for a non-deteriorating item are also derived as a limiting case of the general model.
I. INTRODUCTION During the last forty years, the economic situation of most of the countries has changed to such an extent due to largescale inflation and consequent sharp decline in the purchasing power of money, that it is not possible to ignore the effects of inflation and time-value of money. Buzacott [7] was the first to develop an EOQ model taking inflation into consideration. Several other researchers like Misra ([17] , [18] ), Bierman and Thomas [5] , Aggarwal [1] , Chandra and Bahner [8] , Sarker and Pan [25] , etc., have considered various interesting situations like the time-value of money, different inflation rates for the internal and external costs, finite replenishment rate, shortage etc. in their models. The market demand rate was however assumed to be constant in their models. Dutta and Pal [10] investigated a finite time-horizon inventory model with a linearly time-dependent demand rate, allowing shortages and considering the effects of inflation and timevalue of money. An EOQ model for deteriorating items incorporating the effects of inflation, time value of money, a linearly time-dependent demand rate and shortages was also developed by Bose et. al. [6] .
Generally for a consumer -goods type of inventory especially in supermarkets or shopping malls, the demand rate may go up and down if the on-hand inventory level increases or decreases respectively. Large piles of goods displayed in the supermarkets and malls usually tempt the customer to buy more. Silver and Peterson [24] , Gupta and Vrat [11] , Baker and Urban [3] , Mandal and Phaujder [13] , Datta and Pal [9] , Pal et. al. [21] , etc. have developed economic order quantity models with inventory-level-dependent demand rate. However, these authors did not consider the inflationary effects in their models. Ray and Chaudhuri [22] were the first to develop an inventory model with stock-dependent demand rate incorporating the concepts of inflation and time -value of money. They developed this model without taking deterioration of items into account and allowing shortages in all cycles except the last one. Valliathal and Uthayakumar [30] have however discussed the effects of inflation and time value of money on an EOQ model for deteriorating items under stock-dependent demand and time-dependent partial backlogging. This inventory model is studied under the replenishment policy starting with no shortages.
Researchers are continuously modifying the inventory models so as to make them more practicable. Basu and Sinha [4] have taken into account the impact of inflation for an inventory model with time-dependent demand and deterioration, considering permissible delay in payments and partial backlogging. Kumar and Rajput [12] also developed a similar type of general inventory model with constant demand and studied the effects of inflation therein. Tripathi [29] dealt with economic ordering policies for perishable items with inflation dependent demand rate under permissible delay in payments. Shortages are not allowed in this model. Tripathi, Misra and Shukla [28] also developed a cash-flow oriented EOQ model under permissible delay in payments without shortages, incorporating inflationary effects. Mehta and Shah [15] however have studied the effect of inflation and timediscounting for an inventory model for deteriorating items with exponentially increasing demand and shortages, without considering the permissible delay in payments. Mishra et. al. [16] have investigated the influences of inflation and timevalue of money on an inventory system with power demand of deteriorating items without allowing shortages. Misra et. al. [20] derived an optimal inventory replenishment policy with constant demand and no shortages for two-parameter Weibull deteriorating items with a permissible delay in payment under inflation. Tripathi [27] in his paper establishes an inventory model for non-deteriorating items with time-dependent demand rate under inflation when the supplier offers a permissible delay to the purchaser. In this paper also, shortages are not allowed. However, Misra et. al. [19] investigated the inventory system for perishable items with quadratic demand pattern and shortages, under the influence of inflation and time-value of money. In the recent interesting works of Mandal and De [14] , Amutha and Chandrasekaran [2] , Singh, Tripathi and Mishra [26] , Ray [23] , the inflationary effects can be taken into consideration for further realistic development of their models.
In the present study, the model of Ray and Chaudhuri [22] is reconsidered. This model has been modified by allowing shortages in all replenishment cycles. The effect of deterioration is also taken into account. On comparing the optimal solutions for the two models by considering the same numerical example as considered by Ray and Chaudhuri [22] , we see that the system cost decreases considerably and the duration of no-shortage period increases, as a result of allowing shortages in all cycles. We also consider the limiting case of this model when there is no deterioration and compare the optimal result with that of the model developed by Ray and Chaudhuri [22] .
II. THE MODEL
The inventory model is developed for a deteriorating item. The costs considered in this model are (i) replenishment cost per cycle, (ii) purchase cost, (iii) holding cost, (iv) shortage cost and (v) deterioration cost. These costs are influenced by the rate of inflation. We consider here two distinct inflation rates -the internal (company) inflation rate and the external (general economy) inflation rate. Generally, the replenishment cost increases at the internal inflation rate and the unit purchase cost at the external inflation rate. The holding cost which comprises of costs in the form of taxes, insurance and costs of storage, etc. increases with the external inflation rate. The storage cost may be however affected by both the inflation rates depending on whether the company has its own warehouse or has a rented warehouse. The shortage cost is also affected by both the rates. Lastly, the deterioration cost, which depends on the cost of purchasing, increases at the external inflation rate. The classification of costs in this manner may vary, but in the present model, we assume a clear-cut categorization of the costs and the costs are determined accordingly. Shortages are allowed in all the replenishment cycles. In this model, our purpose is to find out the optimal reorder and shortage points that minimize the total cost over the time-horizon [0, ] .
III. ASSUMPTIONS AND NOTATIONS
The model is developed with the following assumptions and notations:
(i) is taken to be the fixed time-horizon.
The demand rate is assumed to be stock-dependent. If ( ) be the rate of demand for the item when the onhand inventory level is , then
, … where > 0 and 0 < < 1 are scale and shape parameters respectively and (> 0 ) is a constant. is (Pal et. al. [21] ) the elasticity of the demand rate with respect to the inventory level. In other words, it is called the stock-elasticity of the demand and is thus equal to the ratio of the percentage change in the quantity demanded to the percentage change in the stock-level.
is the internal replenishment cost per cycle.
(iv) The rate of replenishment is infinite, i.e., replenishment is instantaneous.
Lead time is taken to be zero for the sake of simplicity. (vi)
The internal and external inflation rates are denoted by and respectively. (vii)
is the discount rate representing the time-value of money. (viii) and are respectively the internal and external holding costs per unit item per unit time at time = 0; and are respectively the internal and external shortage costs per unit item per unit time .
is the unit purchase cost of the item. (x) (0 < < 1) is a constant fraction of the on-hand inventory that deteriorates per unit of time.
The time-horizon is divided into equal parts, each of length , so that = . The reorder times over the time-horizon are ( + − 1) ( = 1,2, … . , ).
The initial and final inventories are both zero in each cycle within the planning horizon. We assume that the period for which there is no shortage in each interval [ , ( + 1) ] is a fraction of the scheduling period and is equal to (1 − ) (0 < < 1) . Shortages occur at times ( = 0,1,2, … , − 1) . In this inventory policy, shortages occur in every cycle for a period , 0 < < 1. A pictorial description of the inventory policy is given in Figure 1 .
IV. THE PROBLEM AND THE SOLUTION PROCEDURE

Problem:
The instantaneous state of the on-hand inventory ( ) in the present model is described by the following differential equations:
with the initial conditions {( − 1) } = 0, = 1,2, … . ,
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and
with the terminal conditions { } = 0, = 1,2, … . , .
(4) The solution of (1) using (2) is obtained as
Again, the solution of (3) using (4) is
The costs involved in the system are:
(i) Holding cost: The present worth of the total holding cost during the entire time horizon is given by (see
(ii) Thus, the total cost of the inventory system over the entire time horizon is given by We will now determine the optimum values of and that minimize the total cost of the inventory system.
Solution Procedure:
The cost function ( , ) is a function of two variables (dicrete) and (continuous). This function ( , ) being complicated, it's not possible to prove its convexity analytically. However, using the parameter values of the numerical example, we see that ( , ) is a strict convex function of (see Figure 2 ) for any given value of . Therefore, the optimum value of for to be minimum is obtained by setting the derivative of at zero i.e., = 0. By applying the rule of differentiation under the sign of integration, = 0 leads to the equation 
We solve the non-linear equation (13) 
A particular case:
The present inventory policy will reduce to a policy without any deterioration if the limiting value of the deteriorating fraction, becomes zero. Thus, by taking this limit ( → 0), the system cost in (12) 
Thus, for a fixed value of , the necessary condition for the cost ′ to be minimum is obtained by taking → 0 in equation (13) (see Appendix VI)
where = ( + − 1) and = − , = 1,2.
We solve this non-linear equation as before for = 1,2, … …. to get the corresponding values of for which the cost ′ is minimum. A list of values of ′ is obtained for different values of n from (14) and minimum cost in this list is the optimal cost when there is no deterioration.
V. NUMERICAL EXAMPLE
Case -I: Shortages in all cycles
Here we consider the same numerical example of Ray and Chaudhuri [22] so that a clear-cut comparison can be made. With the help of this numerical example, we will illustrate the advantage of allowing shortages in all cycles. The parameter values as considered by Ray and Chaudhuri [22] . In the present model, we have incorporated the factor of deterioration of goods over time; let us take = 0.01. Equation (13) is solved for (0 < < 1) for different values of and the corresponding values of the cost are obtained from (12) by substituting these values of and . The results for the case of shortages in all cycles with the deterioration factor are shown in Table-I. We see from this table that for = 4, the system cost is minimum. Thus, the optimum values of and are respectively * = 4 and * = .5530820 and the minimum value of cost becomes * ( * , * ) = 1197.8146. Again * = * = 2.50.
Case -II: No Shortages
If no shortage in inventory is allowed in any cycle, the length of the stock-out interval [( − 1) , ( + − 1) ] should be zero. Thus, = 0. this implies that = 0 for all cycles. Therefore, by putting = 0 in (12), the model reduces to the case of no-shortage. Using the same parameter values as in Case-I and putting = 0, we obtain the total cost from (12) for different values of and then find the minimum cost. This is shown in Table II . We see that in the case of noshortage ( = 0), the optimal results are * = 6, * = 1.667 and * = 1405.4302. Again, * = * = 2.500.
The corresponding optimal values obtained by Ray and Chaudhuri [22] are * = 5, * = 0.365518, * = 2.000, * = 1278.523, in case of shortages in all cycles except the last one and for a non-deteriorating item. Now comparing the two results, we find that the system cost as obtained by Ray and Chaudhuri [22] has reduced by 5.76 %. On comparing the results of the shortage and no-shortage case, we see that the system cost and the reorder number increase whereas the scheduling period decreases in the case of no shortage.
Particular case:
Now we will consider the particular case of our model when there is no physical deterioration of goods with time i.e. converges to zero ( → 0). The optimal solution in this case is obtained from (14) and (15) and is prescribed in Table III . Thus, a considerable cost-savings is achieved by allowing shortages in all cycles.
Again on comparing the results of Table I and Table III , we see that the optimal system cost decreases by 0.59% on incorporating the deterioration factor. Thus, deterioration has little effect on the system cost.
VI. SENSITIVITY ANALYSIS
We will now study the sensitivity of the optimal solution of our model (with shortages in all cycles and deterioration) to changes in the values of the different parameters associated with the system. The results using the same numerical example are listed in Table- A careful study of Table IV reveals the following: (i) It is seen that the reorder number and the scheduling period are both almost insensitive to changes in any of the parameters.
(ii) is highly sensitive to changes in the values of and . increases (decreases) with increase (decrease) of . On the other hand, decreases (increases) with increase (decrease) of . is moderately sensitive to changes in , , , , , and ; and is almost insensitive to changes in the parameters , , , and .
(iii) The system cost * is almost insensitive to changes in , and ; it is moderately sensitive to changes in , , , and whereas it is highly sensitive to changes in , , , , and .
VII. CONCLUSION
In the present paper, we have considered an inventory model for a deteriorating item with stock-dependent demand rate and shortages in all cycles. The effects of inflation and timediscounting of money have been incorporated into this model. The limiting case of this model when there is no deterioration is also studied. We have reconsidered the inventory model developed by Ray and Chaudhuri [22] for a non-deteriorating item with shortages in all cycles except the last one. On comparing the optimal result of this model with that of the limiting case of the present model (i.e. in the case of no deterioration), we see that the system cost reduces considerably. This proves that allowing shortages in all cycles is advantageous. The present model also shows that the system cost decreases due to physical decay or deterioration of goods over time. Apparently, the system cost should increase for a deteriorating item if shortages are not allowed.
Here the system cost decreases even after incorporating the deterioration factor because shortages are allowed in all cycles. Lastly, the sensitivity of the optimal solution to changes in different parameter values has been discussed.
APPENDIX -I
The holding cost over the period [( − 1) , ], = 1,2, … . . , is given by = + where 
APPENDIX -IV
There are replenishments in the entire time horizon and hence the total replenishment cost (with /without deterioration) is given by (13), we obtain the necessary condition for the system cost to be minimum when there is no deterioration, as follows: ACKNOWLEDGMENT The author is very grateful to the editor(s) and would also like to thank the referees .
